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I. INTRODUCTION

Although many contributions have been made to estima-
tion theory, the contribution which made the first great im-
pact on engineering was made by Wiener (22). Eis research was
concerned with the continuous estimation problem. That is,
the measurement data is a continuous record. The development
presented by Wiener, using Fourier analysis, arrives at the
celebrated Wiener-Hopf equation which must be solved in order
to obtain estimators. This approach to the estimation prob-
lem includes the parameter, frequency, therefore, allowing
the engineer to gain his all important "feel" for the esti-
mators in terms of filtering theory.

With the coming of state space and the digital computer
the discrete gstimation problem came to light. Inherent in
any estimatioé problem is the determination of the expres-
sion for the best estimator. The methods for defining the
best estimator are many, leading to a number of assorted
expressions. One criterion for a best estimator is least
mean squared error. Such a criterion leads to a conditionai
expected value to describe the best estimator. Throughout
the rest of this work the least mean squared error will be
considered the criterion for the best estimator (21). There-~
fore, under this assumption the discrete estimator is char-

acterized by the conditional expected value



x(k/i) = E[x(K) /Y1 s ¥pseeer¥y]

where x(k) is the state vector at time t, and {yl,yz,...,yi}
is the set of measurement vectors through time ti. The vec-
tor x(k/i) is interpreted as the estimate of x at time tk
given the data up through and including ti'

Estimation theory itself is divided into three parts
depending on the relationship of k and i. When k = i the
above expression represents the definition of the filtering
algorithm. When k> i, the prediction algorithm is defined,
and when k<i, the smoothing algorithm is defined.

In order to expand the conditional expected value given
above there has to be some given relationships between the
state vectors and between the state vector and the observ-
ables. These relationships are procured by modeling some
physical system in which an interest lies. The modeling
process consists of taking system parameters and fitting
them into a specific format. Note that one may degrade or
improve the modeling process by the manner in which the =sv -
tem parameters are shaped into a given format. By chua . ng
formats the modeling procedure is changed.

There have been many methods used to write expressions
for the above conditional expected value. One undesirable
feature Of MOSL OL these eXpressions was ‘growiig wewory.”

In other words, all the data, y; vectors, must be remembered:



and of course as i increased, more and more data accumulates
for memorization. When all the data are processed simultan-
eously, the processing is referred to as batch processing.
Kalman arrived at a different scheme (10). He noticed that
estimates of the state vector, x, were indeed functions of
all the past data. So, Kalman devised a recursive eqﬁation,
consisting of a previcus estimated value of x plus a func-
tion of the last data point or variable. This, of course,
eliminated the growing memory problems. The recursive as-
pect provided an extremely convenient procedure for digital
computer implementation and is well suited to many on-line
applications.

The objective of this research is to explore recur-
sive smoothirg algorithms for models involving a delayed
state in the ﬁeasurement equation. Every time the format
for modeling a system is changed a new set of equations must
be developed. For the standard modeling procedure, as has
been mentioned previously, Kalman developed the recursive
filtering equations. Also, for this model, much work has
been carried but on smoothing equations. This paper de-
velops the recursive smoothing equations for a relative néw
type of model;ng scheme, which was p;esented by Brown and
Hartmann (3). After development, these equations are used
in an aided inertial navigation example. Th% importance of

these equations, of course, depends entirely on the



importance of the delayed state modeling.

Also in this paper is the extension of the work of
Friedland (7) on the recursive filtering equations of Kalman
to thé smoothing algorithm. First of all, his decoupling
ideas are extended to smoothing equations presented by
Meditch (13). Next, they are extended to the recursive
filtering equations derived by Brown and Hartmann for the
delayed state model (3). Finally, his decoupling ideas are
applied to the recursive delayed state smoothing equations
developed earlier in this work.

At this point, the Kalman filtering problem and solu-
tion will be summarized (21). The system considered is com-
posed of two parts. First, the process being estimated is

assumed to be described by the state equation

x(k+1) = mk+I,k x(k)-l—gk

and the measurement data is related to the state by
Yy = Hy x(k)-l-byk

where {gk} and {6yk} represent independent white-noise se-
quences. All capital letters represent matrices and all
small case letters represent vectors. The initial state
x(0) has a mean value of x(0/-1) and is independent of
{gk} and tbyk}’ The covariance of the estimation error at

t = 0 is P(0/-1). The noise sequences are assumed to have



zero means and second-order statistics

Eldy,dvy. | = R, &, . ’
Lovy Y3] k7kj Elgyai] = Qdy

E[bykgB] = 0 for all g.]j

where the prime indicates a transpose and ékj is the Kronecker
delta. An estimate %(k/k) of the state x(k) is to be com-

puted from the data Y1/YgreeesYy SO @5 to minimize the mean

square error in the estimate.
The solution of this recursive, linear, mean-square
estimation problem can be determined from the orthogonality

principle (15) as well as in many other ways, and is pre-

sented below.

x(c/k-1) = Oy 5 1% (k-1/k-1)
The gain matrix, Kk, minimizes

E[ (x(k) - x(k/k))" (x(k) - %(k/k)) ]

and is

Ky = P(k/k-1)H TH P(/k-1)8 "+ R, )7

The matrix P(k/k-1) is the covariance of the error in the a

priori estimate, %X(k/k-1), and is



P(k/k-1) = E[ (x(k) - %(k/k-1)) (x(k) - X(k/k-1))"]

1

P(k-1/k-1)!

O k-1 k-1t 9%

The matrix P(k/k) is the covariance of the error in the a

posteriori estimate, %(k/k), and is

P(k/k)

E[ (x(k) - X(k/k)) (x(k) - x(k/k)) ]

1

[T-xH IP(k/k-1)

It is evident that the gains, XK, and the covariance matrices,

k
P(k/k-1) and P(k/k), could be computed for all possible k
without computing any of the state estimators. 1In this man-
ner the quality of the modeling process could be observed
by comparing the covariance matrices of the estimation er-
rors with the covariance matrices of the true error. The
order in which the above equations are used is:
1) compute the optimum gain matrix K,
2) revise the a priori estimate to get the a posteriori
estimate X(k/k)
3) compute the a posteriori error covariance matrix
P (k/k)
4) extrapolate ahead the a posteriori estimate and
covariance to get x(k+1/k) and P(k+1/k).
In many filtering problems the original state assign-
ment is supplemented with additional states due to modelina

problems. One such problem is a system of difference



equations with other than a white noise driving function.
For example, the drift of a gyro in inertial navigation sys-
tems is usually modeled as a Markov process.

Some systems are modeled such that there are bias states
appearing in the difference equation. Friedland (7) has of-
fered an approach to estimate the states of a system by a
linear combination of the bias estimate and the bias-free
estimate of the states, which can be computed separately.
His technique reduces the size of the system and the compu-
tation difficulties due to system size. He also points out
that his decoupling in the calculation has its optimal ef-
fect when the size of the bias-free state vector is equal
to the size of the bias vector. It seems that whatever makes
his method advantageous for recursive filtering would also
make it desirable for recursive smoothing. In Chapter III
the recursive smoothing algorithm presented in Meditch (13)
-is decoupled by extending the work of Friedland. It should
be pointed out that even though smoothing is an off-line
operation, i.e., done after the fact, there cquld be
reason to model a system with biases just to take advantage
of the decoupled smoothing equations. The trade-off between
the computing costs and the degraded models has to be evalu-
ated for each situation.

Brown and nartumann nave suggesied a delayed sitaie mudel

to be used for certain aided inertial navigation systems (3).



In such systems position and velocity errors are the states
to be estimated and the difference between inertial and non-
inertial velocities is the observable. If the measurement
noise.is white, the variance of the measurement noise is
infinite which does not fit the Kalman filter assumptions.
If the samples of observable are replaced with average sam-
ples, where the average is over some small time At, the dif-
ficulty is eliminated. This average precipitates the delayed
state in the measurement equations. In the a?ticle cited the
recursive filtering equations for the delayed state model are
derived. Chapter IV of this presentation uses the delayed
state model and derives the recursive smoothing equations.
The algorithm developed is an off-line computation scheme
inverting only a matrix of the order of the measurement vec-
tor. But, the measuremepts must be remembered to carry out
the scheme. The situations calling - or delayed state model-
ing occurs often enough for important physical systems to
justify extending Friedland's decoupling idea. In inertial
systems especially, there are a good number of the states in
the state assignment which could be modeled as biases. Chap-
ter V presents the decoupled solution of the recursive fil-
tering equations and recursive smoothing equations for the
delayed state model.

All ihe mentioned aevelopments have been IOr recursive

equations and for good reason. The recursive equations are



readily implemented on computers, the memory requirements
are not as demanding as they are in other methods, and the
size of the actual computation can be held down so they in-
volve only system size matrices. Periodically, one must go
back and make the comparison between the recursive solution
and the batch processing schemes. In Chapter VI two batch
processing schemes are explored. The system size is chosen
to be consistent with the example to follow in Chapter VII.
The example in Chapter VII is a system presented by
Brown (2). The coefficient matrices of the state and de-
layed state vectors in the measurement equation contain a
number of terms which were assigned as states, making the
system nonlinear. Because of the nonlinear aspects of this
system, the Kalman filter alone will not produce desirable
results. Reviewing the techniques available for solving
nonlinear equations it was found that in some cases itera-
tion schemes are relied upon for solutions. With this ir
mind an iteration scheme involving filtering and smoothing
will be worked out for this system. The first thing that
must be done is that the system is linearized about a nominal
value. Then the Kalman filter is used as usual.\\The lin-
earized model is then corrected by the smoothed information
and the Kalman filter is rerun. Because of tﬁe short bursté

of data obtained in this examnle the smoothing comnuta-

tion should be easily implemented. The data for this
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example was obtained from actual test flights, and the air-
craft position was determined by precision radar or accurately
known check points. Therefore, the system errors, those
trying to be estimated, were known. These facts made the
above system into an ideal example for testing the smooth-

ing algorithm.



1.

II. SMOOTHING

The main emphasis in this paper is smoothing. This
Chapter will try to establish a common starting place. As

was mentioned earlier, the definition for smoothing is

X(k/1) = E[x(K)/Y 0 ¥yreees¥y]

where i> k. This definition implies that given the data
through the present, the estimate of some state vector in
the past is being updated. Using this idea, every estimate
from the present time to some fixed or arbitrary one in the
past can be updated with each new data point. To become a
little more specific, three different types of smoothihg are
defined. They are:

1) fixed-interval smoothing

2) fixed-point smoothing

3) fixed-lag smoothing.
The fixed point algorithm is characterized by the smoothed

estimate,
x(k/j), j=k+1,k+2,... k = fixed integer.

This is to say that the estimate at some fixed time point,
k., is updated with each new piece of data. The fixed-lag

algorithm is characterized by the smoothed estimate,

A
« vl ~ =

- -, - - ~ - o 4 s . . .
(R/K+N), K=C,1, e N = Iixed pusitlive integer.

This is to say that the estimate at some fixed interval from
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the last data point is updated with each new piece of data.
The fixed interval algorithm is characterized by the smoothed
estimate, &(k/N), k= 0,1,...,N-1, N = fixed positive integer.
Which says that all the past estimates are updated with each
new piece of data.

The main difference in the three smoothing algorithms is
the manner in which the data after the time point, k, is
‘used. Therefore, all one has to do is permute £he develop-
mental philosophy of one type of smoothing to precipitate
another type of smoothing. With this in mind, the emphasis
from here on will be placed on the fixed interval algorithm.

There are different mathematical schemes for the fixed
interval smoothing problems. A standard scheme is presented

by Mediteh (13). He says that

R(k/n) = E[x(n)/yl,yz....yn_l,;r(n/n-l)]

where

y(n/n-1)

Y, - #(n/n-1)

and

9(n/n-1)

B[y /¥y:¥preaar¥py 1] -

Since it is assumed that the random variables are Gaussian,
the above is the same as the general definition. With

E{x(k)] = O then \
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t

&(k/n) = E[x(K) /¥ /¥,y eveny, 1+ Ex(X)/¥(n/n-1)]

= R(R/n—l)+E[x(k)?(n/nml)qE[§(n/n—l)§'hvh~l)]_l
y(n/n-1) .

Starting with k = n-1 and evaluating the above expression
Meditch obtains the one step back smoothing equation. Con-
tinuing on with k = n-2,n-3,... and with the use of induc-
tion he obtains the general fixed interval smoothing equa-

tions.
2(k/N) = R(k/k) + A(K) [&(k+1/N) - R (k+1/k) ]
A(k) = P(k/K)Q (k+1,%)P Tt (k+1/k)
P(k/N) = P(k/k) + a(k) [P(k+1/N) - P(k+1/k) J&' (k) .

This is a recursive solution to the fixed interval smoothing
problem. The main disadyantage computationally to this scheme
is that the a priori covariance matrix has to be inverted.
It should also be noted, however, that the covariance matrix
for the smoothed estimate is not needed to compute the smoothed
estimate. This fact is true for most smoothing schemes.
Another scheme used in the fixed interval smoothing prob-
lem is presented by Cox (5). He starts by minimizing a cost
function. In doing this, Cox ends up with a two point bound-
ary value problem to solve. From this TPBVP he obtains the

Ralman filtering equations pilus the rixed interval smoothing

equations.
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&(k/N) = R(kx/k) +P(k/kK)0 (k+1,k)\(k)
Ak-1) = m'(k+1,k)x(k)+M’(k)R'l(k)[y(k)-M(k)x(k/N)]
ANN) =0 .

This is also a recursive solution to the fixed interval
smoothing problem. In this scheme a matrix inverse opera-
tion is also required. But, the dimension of the matrix
being inverted here is a m X m matrix where m is the size of
the measurement vector. In many estimation problems the
size of the measurement vector is less than that of the
state vector due to the number of augment states. There-
fore, inverting the R matrix is more desirable than inverting
the P(k+1/k) matrix. The trade-off here is that now the
measurements must be remembered. | |
Another scheme is presented by Rauch (19). The dif-
ferences between this scheme and the one above are many.
Rauch's equations have a growing sumation. His equations
are best used when finding the estimates at one time point;

and they propagate in the forward direction.

2 (k/N)

n
f(k/k) + Z K(k,i)[y(i)-M(i)&(i/i-1)]
i=k+1

i-1
{P(k/K)0' (i,k) - X
j=ktl

K(k,1)

K(k,3)M(3)P(3/5-1)04i,5) }

. M(1) [M(3)P(i/i-1)M(1) + R(M) ]~L

i = k+1,k+2,...,N . k
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It is true that the K(k,i) is computed recursively. But,
the sumations make the computations in arriving at the
smoothed estimates grow with the number of steps taken in
the past.

These are just three schemes that have been arrived at
for the fixed interval smoothing problem. They all have some
common features. The computations in two of the above schemes
are done such that the smoothed estimates are obtained by
going from the last data point backwards in time to an
earlier data point. This feature is almost expected, but
some of the outcomes of it causes some problems. For ex-
ample, in each method the filtering covariance matrices must
be incorporated in the backwards computations. This implies
either a backwards recursive equation is needed cr that the
éovariance matrices must be memorized. In large systems the
memorization would be near impossible. The backwards re-
cursive equation for the covariance equations requires an
inverse of the transition matrix, which is something that
should be avoided.

It seems that at the present time we have a choice of
schemes for the fixed interval smoothing problem. The only
difficulty that can be seen is implementing these schemes.
These problems could often be attacked individually and

7 ~N\
oveLcullie \0) .
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III. A SMOOTHING ALGORITHM USING

FRIEDLAND'S DECOUPLING SCHEME

As has been mentioned previously, smoothing should be
considered an off-line computation. Usually it will be car-
ried out after the physical operation or experiment has been
completed. This allows a researcher to use devices with much
more accurate computations and does not have to worry about
storage space and time. Therefore, there would be no justi-
fication in modeling Markov states as biases just to be able
to use a decoupled smoothing scheme. But, if the true model
"of a system contains bias states the decoupling scheme should
present a little savings in computation.

In this éhapter a decoupling of a smoothing scheme al-
ready in existence will be presented. The equations that will
be decoupled are presented by Meditch (13). But first
Friedland's paper will be outlined. Then using the same

technique the smoothing equations will be derived.

A. Treatment of Bias Variables
The problem of estimating the state x of a linear system
in the presence of a constant but unknown bias vector b or
of a Markov state with a very long time constant, which will
appear like a constant during the time the filter is being
used, 1s considered. 1Inis Lidas state ihiiuences tie dynamics

and/or the observations. It was shown by Friedland (7) that.



the optimum estimate & of the state can be expressed as

X=X VXB

where X is the bias-free estimate, computed as if no bias
were present, b is the optimum estimate of the bias, and Vx
is a matrix which can be interpreted in the scalar case as
the ratio of the covariance of % and b to the variance of b. .
The computation of the optimum estimate X is effectively de-
coupled from the estimate of the bias b, except for the final
addition.

Friedland's notation is as follows:
th

x(k) -~ original or physical process state (at k

. observation instant) n components

b(k) - bias vector (r components)
g, - process noise vector, with E[gkgh] = Qb
by, - observation noise vector, with E[bykayh]::Rkbkn’

Assuming that Iy and 6yk are independent for all k and n the

dynamic equations can be written.

x(k) = A x(k-1) + B b(k-1) +g, ;

b(k+1l) = b(k)

y(k) = Hkx(k)i-ckb(k)i-byk (measurement equation).

MOsSt people when attackling a problem Of this sort augment the

state vector to include the bias terms as states. Then using



18

the new dynamical equations proceed with the Kalman filter
equations. So, a vector Z(k) will be defined as
x(kﬁ
z(k) = |-~- .
b(k):

——

Now the dynamical equations may be rewritten as

7(k) = Fk_lZ(k—l) +G g3
y(k) = LkZ(k) +E>yk
where
- Ml
By : By_1 Ii
FE _— — - = f
Fk—l - i ’ G - ’ Lk - [Hk i Ck] .
o | 1 0
- 1

The Kalman filter equations can be written for the augmented

dynamical equations

Z2(k/K) = By B(k-1/k-1) + K(K) [y (k) ~L,F, Z(k-1/k-1)]

where

K(k) 1

P (k/k-1)L (L, P (k/k-1)L. + R, ]”

-1

P(k/k)L’Rk
P(k/kx) = [I—K(k)Lk]P(k/k—l)

P(k+1/k) = F, P (k/k)Fk’ + GQkG’ . (1)
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Friedland (7) now defines P(k/k-1) as the covariance which is a

solution to Equation 1l for the initial conditions

He then shows that the solution to Equation 1 can be written
as

P(k/k-1) = P(k/k-1) + U(k)M(kX)U" (k)

where M(k) is an r X r symmetric matrix and U(k) is an n x r

matrix, and

Ukrl) = B [T-B Oc/k-1) 1 (1, B (k/k-1)14 + R) ~H1, T (K)
= F) V(k) |
M(k#1) = M(K) =MUOU (K53 (L, B(/k-1)L 4R

+ Lkﬁ(k)M(k)U' (k)Lﬁc]—l LkU(k)M(k) .

The last term of the solution for Equation 1 is due to the
fact that the cross term Py, and the lower diagonal term Py

of the partitioned P(0/-1) matrix are not zero, i.e.,

pxb(O/—l) 70
Pb(O/l) Z0 .

The above equation leads to the following
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P(k/k) = P(k/k) + V(k)M(k+1)V’ (k)
v(k) = [T-KK)LJu(k) .
By writing the component equation for the bias and the state

forms, it can be shown that from the above set of matrix equa-

tions

Ub(k) = V

b(k) = Ub(O) = constant .

This fact and the assumption of x and b being -independent at

k = 0 leads Friedland to choose

Ub(O) = I and UX(O) =0

which precipitates the following equations
Vﬁm=UﬂH—&&H%%&M@ﬂ:U§M—&&B&)
U, (k+1) = AV (k) + By

P (k/k-1) = f’x(k/k—l) + U, (KM (k)

be(k/k—l) = Ux(k)M(k)

Pb(k/k—l) M(k)

Boki

Px(k/k) = X(k/k)+vx(k)M(k+1)v;:(k)
be(k/k) = Vx(k)M(k+l)

Pb(x/k) = M{k+1)
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M(k+1) = M(k)--M(k)s'(k)[Hkﬁ(k/k-l)H'+Rk+s(k)M(k)S'(k)]~1

k
. S(X)M(k)
K (k) = B (k) +V,_(K)K_ (k)
K () = M(1) [V B+ O] R

Using these equations and splitting the augmented filter equa-
tions into components, Friedland arrives at the following de-

coupled equations

b(k/k)

b(k-1/k-1) + Ky [y, - S(K) b(k-1/k-1) ]

% (k/k)

1

A x(k-1/k-1) + ix(k)yk
T = Y(K) - HkAk_l?c(k_l/k-l)

which can be arranged to prove the following expression

X(k/k) = %(k/k) + v, (K)b(k/k) .

Although these results have been derived from an assumption

of constant bias, they can be readily extended to the de-

terministic process, i.e.,

where
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ntl =

nap
=

and Wi is the transition matrix which transforms bi to bi+l'

Therefore, W;+1 is the transition matrix which transforms

bo to bn+l' Inherent in the deterministic process problem is
that the dynamics of the bias are known, but not the initial
conditions. Therefore, with the above observation the time-
varying bias problem can be reduced to the constant bias
problem by redefining the sum of the coefficients as indi-

cated below.
x(k) = & x(k-1) + B W b (k-1) + g, ;

b, (k+1) = b (k)
v(k) = B (k) +CkW]’:bO(k) + oy

Therefore, if in all the previous equations the coefficients

' * * 1 .
Bk and Ck are changed to read Bkwk and Ck‘wk the results will

be identical.

B. Smoothing Algorithm
The idea of decoupling the estimation equations will now
be extended to the smoothing equations. By the use of induc-
tion, the smoothing equations presented by Meditch (13) will
be decoupled. The one step back smoothing equations will -be

decoupled first.
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Z(k/k+l) = Z(k/k) + D(k) [Z(k+1/k+1) -Fké(k/k)]

D(k) = P(k/k)Fk'P_l (k+1 /%)

where

In order to decouple the above equations the smoothing gain

matrix, D(k), must be partitioned into components.

where Rij are the partitions of the matrix P'l(k+l/k) which

are

Rﬁ P, (k+1/k) __be(k+1/k)pb‘1 (k+1/K)P_" | (k+1/k)

"

Ryy = Py (kt1/K) - P/ (k+1/K)P T (ke 1/K)P (ke 1/K)

_ -1
R12 = —PX (k+l/k)be(k+l/k)R22

_ -1 ’
R21 = -Pb (k.+1/k)Px b(k+l/k)Rll
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Using the equations Friedland presents for the a priori co-

variance matrices the above equations can be rewritten.

=1 iy '
Ryy = P (erl/k) + U (k)M (k1)U ) (k+1) - U (et 1) M (k1)

. _1(k+l)M(k+l)UX’(k+l) = B (k+1/k)

W
1l

-1 , ~ -1
o1 = M T (kt1)M(k+L) UL (k+1)P " (kt 1/k)

.Ux'(k+1)§x'l (k+1/k)

Since P—l(k+l/k) is a symmetric matrix

_ - |
Ry, = Byp = =P (k+l/k)UX(k+l) .
Using the matrix inverse identity (20) R22 reduces as follows
_ -1 -1 ,
Ryo = Py (k+1/k) - Py (k+1/k)be(k+l/k) [—Px(k+l/k)

+ B (k1K) P T (er 1 /K0P (ke 1) TR (kb1 /%)

-1
. Py (k+1/k)

= M'l (k+1)M'l (k+1) + U}'{(k+l)Px(k+l/k)Ux(k+l) .

Now the components for the gain matrix are

Dx(k)

Py(k/K) MRy 1 + Py (k/K) [BiRy ) + Ry, ]

-1

§x(k/k)A5{i5x (k+1/k) = ﬁx(k)
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Dpx (k) = PLy (R/KIAR, ) + Py (k/k) [BiR) ) + Ry ]
= 0
Dy (k) = Pl (k/K)AR, , + Py (k/k) [BIR) 5 + Ry ]
=1
Dy (k) = Py (k/KIAR, 5 + Py (k/K) [BRR) 5 + Ry, ]

v (k) - 1'3x(k)Ux'(k+l) .

With the gain equation partitioned as above, the augmented

smoothed equations can be separated into the following

x(k/k+1) = x(k/k) + D (k) [x(k+1/k+1) - B X (k/k) - B, b (k/k) ]
+ Dy (k) [B(k+1/k+1) - b(k/X) ]
and
B(k/kr1) = Dlk/k) + Dy (k) [X(k+1/ke1) - &y x(k/k) - B B(k/k) ]

+ D, (k) [B(kt1/krl) ~b/K)] .

Using the result

x(k/k) = x(k/k) + V(%) b(k/k)
and the derived expression for the gain components, the above
equation reduces to

X (k/kr1) = X(k/k) +D_(k) [X(k+1/k+1) -Akii,(k/k)J
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+ [V, () -V _(%) +D_(X)U_(k#1) -D_(X)U_(k+1) Jb(k/k)

+ [B (), (k+1) +V_(k) = D_(K)U_(k+1) Jo(ier1/k+1)

1!

X(/i61)+ (B0 v, (et 1)+, (X)-D_(k)U_ (ke 1) Jb(k+ 1/kr1)

1

b(k/k+1) = B(k/k) + b(k+1/k+1) = blk/k) = b(k+1/k+1)

Therefore, the decoupled one step back smoothing equations are

X (K/k+1) = x(k/k+1) + T(k/k+1)b(k/k+1)

T(k/k+1) 15X(k)vx(k+1)+vx(k)_Bx(k)ux(k+1) ]

Now proceeding with the two step back smoothing equations
and the same gain components, the components of the augmented

equation are

x(k/k+2) = x(k/k) +D_ (k) [x (k+1/k+2) - A X(k/K) - B D(k/k) ]
+ Dxb(k)-[fo(ml_/mz) - b(k/k) ]
and
Bli/k+2) = Blk/K) + D [X(k+1/5r2) - & % (k/K) - B b(k/K) ]

+ Db[fa(k+l/k+2) “bk/K)] .

By using the equafion derived for the one step back
smoothing problem, the two step equations can be reduced in

a similar manner as those in the one step situation.

x(k/k+2) = %(k/k) + B (k) [ (1 /kr2) - A % (k/K) ]
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+ [V (x) -Bk(k)ux(k+1) -V (k) + D_(k)u_(kr1) IB(K/x)
+ [P (K)T(er1/k+2) + V() -~ D_(K)U_ (k+1) JB (k1 /k+2)
= %(k/k+2) + [D, (k)T (ke 1/k+2) +V (k) =D, (KU, (k1) ]
. blk+1/k+2)

b(k/k+2) = blk/k) + B(k+1/k+2) - b(k ) = b(k+l/k+2) .

Therefore, the decoupled two step r .: smoothing equations are

x(k/k+2)

%X (k/k+2) + T(k/k+2) b (k/k+2)

T(k/k+2)

1

ﬁx(k)T(k+l/k+2) + Vx(k) - Dx(k)UX(k+l) .

Proceeding in the same manner, the N-kth step smoothing

equations or the fixed interval smoothing equations are found.
In carrying out the same manipulations as was indicated in

deriving the one and two .step equations one arrives at the

following
X(k/N) = x(k/N) + T (k/N)b(k/N)
T(k/N) = ]3x(k)T(k+l/N) +V_ (k) -Bx(k)ux(k+1) )

The above equation represents a recursive technique to
handle the fixed interval smoothing problem when there are

bias states in the system model. It should be noted that

Since

b(N/N) = DN-1/N) = ... = D(k/N)
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that T(k/N) and X(k/N) are the only matrices which have to
be recalculated for each step. The flow chart in Figure 1
indicates the calculation of the smoothed estimates of the
state variables.

One has the usual memory problem with the regular
smoother plus he has to remember the extra matrices Vx(k)
and Ux(k+l) from, the filtering procedure to form the cor-
rect smoothed estimate. The saving comes from having to

invert a smaller matrix to form ﬁx(k), the usual gain matrix.
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Figure 1. Flow chart for decoupled smoothing eq‘uations'
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IV. SMOOTHING EQUATIONS FOR DELAYED STATE MODEL

There are physical situations which do not fit the present
model for the Kalman filter. One such situation could be a
certain aided inertial systems. Here a noisy measurement of
velocity is obtained by comparing the inertial and noninertial
velocity. If a large amount of high frequency noise is present
in the measurement it may be better to use an average measure-
ment over the recursive interval rather than the measurement.
The idea of an average indicates an integral, which points to
two states, one being at the present time and one being at ﬁhe

previous time, in the measurement equation.

Yy = ka(k)+-ka(k-l)4-byk .

With the augmented model the filter equations must be
rederived. The development presented of these equations will
follow that suggested by Brown and Hartmann (3). Following
these filtering equations, the fixed interval smoothing eéua-
tion will be developed. The development will follow the
method presented by Meditch (13).' The order of the inverse in
the algorithm will be the same as the dimension of the measure-
ment, thus implementing some of the ideas presented by Cox (5) _
and Rauch (19). The end result is a very interesting al-

gorithm similar to that of Cox.
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A. Delayed State Kalman Filter
The system model will include the delayed state in the

measurement equation, i.e.,

x(k+l) = @(k+1, k) x (k) + gy
¥y = ka(k)4-ka(k—l)4-byk .

The first thing that should be done is to twist the new sys-
tem model into the usual Kalman format. Therefore, the dif-

ference equation will be

[*1] X% 9 |

——— = Fk _—— = ]e-

lxk J X1 OJ
where

o(k+1,k) O
!

and the measurement equation will be

X

Y = Lk it B 6Yk
*k-1
where
= i
Lk = [Mkl Nk] .

wilh lhe above equations the Illter equation can be written
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by inspection

[%(k+1/%+1) % (k/%) % (k/k)
i b + B(kt1){yy, ) =TIy pq Fyo T J
x (k/k+1) x(k-1/%) x(k-1/k)

Following the method used by Sorenson (21) the gain matrix

is found to be

bl(k+l) P(k+1/k) r«qﬁ_l + 0(k+1,k) P(k/k) N]'<+l .
Bk+tl)z=|l—— —|=|— —— s e — — — — C]—(+l
bz(k+1) P(k/k) @ (k+1/k) M:k+l + P(k/k)N;H_l

where

Chp1 = My P(RHL/KIM ) + M 0+, K)P(K/KIN )
+ NP (k/k)@ (k+1,k)M§(+l +N P (k/k)N'k+l Ry 1

and

P(k+1/k+1l) = P(k+1/k) -bl (k+l)c.k+lb'l (k+1)-
P(k+1/k) = 0(k+1/k)P(k/k)D (k+1,k) + Qk .

Now, separating the filter equation into components, two equa-
tions can be written. The first is the filter equation
for the delayed state model and the second is the one step

back smoothing equation.

X (k+1/k+1) = 0(k+1/k)x(k/k) + by (k+1) [yk+l_Mk+lm(k+1/k)§(k/k)

- Nk+l:‘c(k/k) ]
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x(k/k+1) = x(k/k) + by (k+1) [y}, - Mk+lm(k+l,k)§c(k/k)
- Nk+l§(k/k)] .

Notice, by proceeding in the above fashion more was ob-
tained than was bargained for. This should indicate a method
for deriving the multiple step smoothing equation. By add-
ing the appropriate unitary matrices to the Fk matrix and
the x, ,,% ./ -..,€tc. to the state vector, the recursive
estimation scheme illustrated above should yield the solu-
tion to the two-step back smoothing problem, the three-step
back smoothing problem, and so forth, along with what has
been presented. However, obtaining these additional solu-

tions could be quite time consuming and messy.

B. Fixed Interval Smoothing Equation for the
Delayed State Kalman Filter

Instead of proceeding as was indicated in the last sec-
tion, the development of the desired smoothing equations
will follow the development presented by Meditch (13). The
philosophy being used is to start at the final time point of
.the existing data and develop first the one-step back smooth-
ing equations, then the two-step back smoothing equations,
and then by induction the general equations.

The one-step back equation was derived when the delayed
state filtering equation was obtained in the previous section.

This equation will now be rewritten so that the development
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will start from the last data point at to.

%X(n-1/n) = %(n-l/h-l)-—bz(n-l) ¥(n/n-1)
where
¥(n/n-1) = yn-[Mnmn’n_li-Nn]Q(n-l/n-l)
by(n-) = P(n-1/n-1)[M@ . +N 1'C;t
c = an(n/n"l)Mﬁ4'Mnmn,n—lp(n—l/h_l)Nh
+ NP(n-1/n-1)0 M +NP(n-1/n-1)N +R_ .

Now the two-step back problem will try to be solved,
that is, find an expression for x(n-2/n) given

tyl'YZ"“yn-l’yn}' By definition then
x(n-2/n) = E[x(n-z)/yl,...,yn_l,§(n/n-l)]

where y(n/n-1) is independent of the set of measurements

{yl,...,yn_l}. Thus, since the random variables are Gaussian
x(n-2/n) = E[x(n-z)/yl,...,yn_l]+E[x(n-2)/§(n/n-l)] .

The first term above is just the definition of the one-step
smoothing problem which has already been solved. The second

term is evaluated by using theorem 9.11 from (14), whichmeans

ﬁ(n—z/n-l)i-P “P""—l§(n/h-1)

%x(n-2/n) S

where

¥(n/n-1)

Y, - ¥(n/n-1)
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= (MO

Py, n_l-}-Nn)x(n—l)+Mngn_l+6yn

p§§ = E[y(n/n—l)y (n/n—l)] =

;)"{(n—l) %x(n-1) - x(n-1/n-1)

i}

b, (n-1) [M

{mn—l,n—2_ 1 Nn_l]}i(n-2)

n-1%n-1,n-2"

+ [I-bl(n—l)Mn_l]gn_z-bl(n—l)byn_l

Pxy = E[x(n-2)¥ (n/n-1)] = B} [%(n-2)-x(n-2/n-2) ]X'(n-1)

Mo N Y= P(n-2/n-2)0 | 5-by (n-1)

[Mn—lmn-l,n—z n—l]} n n,n-1

Therefore,

%(n-2/n) = %X(n-2/n-2) +P(n-2/n-2)[M_ 0 . . +N ,]

- C ly(n -1/n-2) + P(n- 2/n--2){ﬂ)n l,n—z—bl(n'l)
°[Mn—lmn-l,n— n l]} [Mn n, n—l+.Nn],
. C;1§(n/n—l) .

Proceeding as above, a solution to the three-step back

smoothing problem will be found. By definition

%X(n-3/n)

E[x(n—3V§1,...,yn_l,§(n/n—l)]

Efx(n—3V&i,...,yn_l]4—E[x(n—3)/§(n/h—l)]

"

%(n-3/n-2) + Pxy P§§—l y(n/n-1)
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where
x(n-1) = x{n-1) - x(n-1/n-1)
= imn—-l,n--z—bl(n—?‘)[Ivln—lq)n--l,n—2+Nn—l]}{mn—z,n-3—bl(n‘-2)
My 2P g, no3 TN p 3R(-3) 40, ) ) ooy (n-1)

'[Mn~lmn—l,n—24'Nn-l]}iI"bl(n—z)Mn-2}gn-3

-b, (n-1)

M R N B P LA P

.[M 2+—Nn_l]}bl(n-2)by -le(n-l)éyn_1

n—lmn—l,n- n-2

Pxy = E[x(n-3)¥ (n/h-1)] = B{ (x(n-3) + x(n-3/n-3) )% (n-1)

.M O

n n’n_l+-Nn]’}= P(n—3/n—3)[{mn_l'n_2~bl(n—l)

. [M - b, (n-2)

n—lmn-l,n—z*'Nn—l]}imnéﬁ,n—3

. [M M 0

n—2mn—2,n—3+'Nn—éJ} n_.’n,n--l-"Nn:l ‘

Therefore,

X(n-3/n) = x(n-3/n-3) +P(n-3/n-3)[M 0 ., . +N L]

-C;E2§(n—2/n—3)-kP(n—3/n-3){mn_2 - by (n-2)

,n=-3

' '
’[Mn—zmn—z,n—34'Nn~2]} [Mnulmn—l,n-z*'Nn—l]

.C1 §(n-1/n-2) + B(n-3/n-3) {8 2, p-3~ By (n-2)

3

e [M

n—zmn—z,n—3*'Nn-2J3'tmn—l,n—z"bl(n'l)
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'[Mn—lmn—l,n-Z*'Nn—l]} [Mnmn

R, P A
,n-l*'Nn] c, y(n/n-1)

This can be simplified as follows

’
+-Ni]

x(n-3/n) = x(n-3/n-3) + P(n-3/n-3) 2 d(n-3,1) [M;0; ;5

i=n-2

.c;1§<i/i-1)

where
d(n-3,n-2) =
i-1
d{n-3,1i) = M 0. +-N
(n-3,1) 1 zimJ jo1 =Py () [MEy L g+ NP
for i=n-1,n .

Now proceeding with the induction, it is assumed that

x(k+1/n) = x(k+1/k+1) + P(k+1/k+1) z a(ktl, i) (MO, ; (+ N, ]’
i=k+2
“1~,. .
.Cy y(i/i-1)
where
a(k+1,k+2) =
dk+1,i) = a(krl,i-1{0, , ; ,-bli- 1)[Ml LRI

N, 11}’ for i=k+3,...,n .

TTms v =T =1 o~ DL e

- L e AL o — e tnm o emm o o
VDA iy A QOCWIKH\-.&UJ& Qllu .hJJ. LOTMLLLY Ll LUIIT DQUICT llQliucL

as the above, the n~k th step smoothing problem will be
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solved. By definition

%(k/n) = x(k/n-1) + Pxy Py T ¥(n/n-1)

since

X(n-1) = {mn-l,n—2"bl(n—l)[Mn—lmn—l,n—Za-Nn—l]}'
'{mn]z,n—B by (n- 2)[Mn 2'n-2,n-3" n—2]}""
By Py O ) (M 0y o+ 1 03 5 0K)
t Elgyreaeigy o+ BlOY L 4. een by ]

where

£(-) and h(-) are linear functions and

n-1

ny = P(k/k)l_§+liml i-1 ~b (l)[Ml i,i- l+N ]} (Mn n,n-1 Nn]

it may be written that

A A n-1 -1~

x(k/n) = x(k/k) + P(k/k) i ld(k (1) [My 0, 1N 1cl y(i/i-1)
i=k+

+ P/K)Am) MO+ N ]l (n/n-1)
- R/ PO/K) D alk, )M, N e (/i1

i=k+1 el

where

d(k.k+1) = 1
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d(k,1) = alk,i-1){0;, ; ; ,=-b, (i-1)[M,

,i-2 121951, i-2vN 113

for i=k+2'-.-,n L]
The induction proof is complete and gives the general
fixed interval smoothing equation for the delayed state

model. This equation can be put into a more useful form

by noting that

d(k,i) = d(k,k+2)d(k+1,i) i=k+3,...,n
and if
n 1~
z(k,n) = i=i+ld(k’l)[Mimi,i—l+Ni] C; y(i/i-1)
—_ ’ "l o~
= M 1Dy, xt M1’ Oy ¥ kt1/k)
N RV
+ d(k,k+2) Z d(k+l,1)(Mimi’i_l+-Ni) c; y(i/i-1)
i=k+2
’ -1«
= d(k,k+2)z(k+1l,n) + (Mk+1mk+l,k+ Nk+1) ck+ly(k+J/k)
then

x(k/n) = x(k/k) + P(kx/k)z(k,n)
where

z(k,n)

. '—l ~
3 /. ’
d(k,k+2)z(k+1,n) + “4k+lmk+1,k+ Nk+l) Ck+ly(k+]/k)
z(n-1,n) = [Mnmn_n_]-i-Nn]' C;li'r(n/n—l)

z(n,n) = 0 .
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Since z(k,n) has the same dimensions as x(k/n), this
equation is similar to the fixed interval smoothing equa-
tion developed by Cox (5). Therefore, this algorithm has
the same problems as the one by Cox and others. In the
computation the recursive expression for the covariance
matrix does not follow the backward movement of the equa-
tions. There are three ways to compute x(k/n). The first
is to place in memory all the a posteriori covariances that
are needed. This method becomes ridiculous when the size of
the system is large. The second method would be to write a
recursive relationship that will propagate the covariances
in the backward direction to match the rest of the computa-
tions. But, such a relationship would involve an inverse of
a matrix of the order of the system. This is one of the prob-
lems that is trying to be circumvented by writing the smooth-
ing equations with all the data present. The last method,
which seems torbe a reasonable one when the system is large,
is computing in the backward direction just the z(k,n) matrix
for the.whole interval of interest. Then, calculate x(k/n)
in the forward direction carrying along the calculations of
the covariance matrix. The only things that are then needed
to be remembered other than the estimates, which are needed
in any method, are the vector z(k,n) and the initial co-
variance matrix, to start the covariance computation. This

method is illustrated in the flow chart in Figure 2.

>
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F(k+l/k)
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Figure 2.

Flow chart for the smoothing equations for the
delayed state model




42

C. Fixed Point Smoothing Equations for the

Delayed State Kalman Filter

In order to derive the fixed point smoothing equation one

mist stop sooner in the development of the fixed interval equa-

tions. Going back to the induction proof used to derive the

fixed interval smoothing equation, it was written by defi-
nition

%(k/n) = x(k/n-1) + Pxy P§§'l y(n/n-1)
which could have been left to be

%x(k/n) = x(k/n-1) +P(k/k)d(k,n) M@, g+ N,

~1.
-C, ¥{(n/n-1) .

This equation can be interpreted as being the fixed point
smoothing equation. That being that the estimate of the
state variable at time k given the .data through time n-1
is up-dated witn weighted data at time n to form the esti-
mate at time k given the data through time n.

By this development, it is evident that the only dif-

ference in the two smoothing algorithms, fixed point and

fixed interval is the method in which the smoothed estimates

are calculated. The most important difference in the com-
putations is the fact that the fixed point algorithm is
on-line. where the fixed interval commitations are done

after the fact. But, if n-k, the number of points in the
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fixed interval, is small and if a large computer was avail-
able, it could be possible to form an on-line fixed interval

smoother made up cof n-k fixed point smoothers.

D. Covariance Equation for the Smoothing Scheme

The covariance matrix for the smoothed estimate was not
needed to form the smoothed estimate. This is true in most
smoothing schemes. To add a measure of completeness to the
new scheme presented in the second section, the error co-
variance equation for the smoothed estimate will be formed
in this section.

By definition, the error covariance is

P(k/n) = E[X(k/n)¥ (k/n)]

where

X(k/n) = x(k) - x(k/n) .

i

Substituting the error equation into the smoothing equations,

it follows that

x(k/n) = x(k) -x(k/k) - P(k/k)z(k,n)

x(k) - P(k/k)z(k,n)

which implies that

P(k/n)

It

E[X(k/n)x’ (k/n) )

E[x(k)X(k) ] - E[X(X)Z(k,n)P(k/k) ] - E[P(k/k)

.z (k,n)x(k) ] + E[P (k/k) z (k,n) z'(k, n) P'(k/k) ]
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= P(k/k) - E[x(k) z(k,n) ]P{k/k) - P(k/k)
/E[2(k,n)X’ (X) ]+ P(k/K)E[2(k,n)2’ (k,n) JP{k/n)

where
n 1.
z(k,n) = ._Z d(k.l)[Mimi'i_lﬁ-Ni] C; y(i/i-1)
i=k+1
y(i/i-1) = (Mimi,i-l+'Ni)X(i'l)+'Migi-1+'6yi

X(k) = {mk'k_l - by (k) (M0 o+ N, 13%(k=1) + [I - Dby (k)M ]

/
.gk—l - bl (k)bYk .

Looking at the third term of the error covariance equa-

tion term by term, it follows that for i=k+l

~, _ ’ -1
Elz(km)X (k)] = (M 10 g+ N ) Gy (10 3% Mgy )
p(k/k) .

For i=k+2

. ’ "'l.

+ Nk+2)d' (k,k+2)P(k/k)

and in general, when i=j where kt2<j<n

-1 N.)

E[z(k/n)¥(k)] = d(k.j)(Mj(D. +Nj)’CJ Mjﬂ)j'j_l-i' 5.

Jrj’l
{
.d(k, j)P(k/k) R

Therefore, summing up all the terms
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n
Elz(k,m¥ (/%)) = [ 2 da(k,i) (M0, 1

. .+ N.) C,
1=kl i,i-1 i i

.(Mim.

RE R AL (CIERN 1075 B

Now the two middle terms in the equation for the error

covariance for the smoothed estimate can be written as

E[X(x)Z(k,n) JP’ (k/k) - P(k/k)E[z(k,n)®(k/k) ]

n .
= 2P(k/k)[ = d(k,i)p_(i-1/1)d(k,1)]P(k/k)
i=zk+1

where

. _— R}
Pz(l—l/l) = (Mimi’i_l+—Ni) cl (Mimi,i—l+

Ni)
Now, to finish the evaluation of the error covariance,

the term E(z(k,n)z(k,n)) must be evaluated. Using the defi-

nition of Pz(i-l/i) and expressing it in more general terms
P (i/j) = E[z(i,§)2(1,3)]

a recursive relationship will be formed so that Pz(i/j) can
be evaluated as the process steps along. The first terms

of such a relationship can be written by inspection

P_(n-1/n) = (M0 +N ) clm o +N) .

n,n-1 n n n,n-1 n

The second term is by definition

P (n_2/m) — Bloln_n w)
-z\-' — == L NCLT by Ay

P R T |
o \NEsT L g dag |

= d(n-2,n)E[z(n-1,n)2z(n-1,n) ]J&@ (n-2,n)
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. .
+ d(n—2,n)E[z(n—l,n)y(n—l/n—2)]Cn_l(Mn_l(Dn_l'n_2

)'c”l

+ Nn)'l-(Mn—lmn—l,n-2+Nn—l n-

1 E[y(n-1/n-2)

. z(n—l,n)]d%n-z,n)4-(Mn_lmn_lln_24-Nn_l)

1

-1 ~ ~ -
. cn_l E[y(n—l/n—Z)yKn—l/n-Z)]Cn_l(Mn_lmn_lln_z
+ Nn—l)
where
E(z(n-1,n)§(n-1/n-2)] = (M0 +N ) CTH(MO L +N)

. d(n-2,n)P(n-2/n-2) (M )

n—lmn—l,n—2+'Nn—l

Ymo

+ (Mn(D n n,n-1

n,n—l*'Nn)'Cn +Nn)[I“bl(n—l)Mn--l:I

* Qn—2Mn--l

-l o

) ?
- (Mnmn,n-l4'Nn) Cn n n,n-1

+'Nn)bl(n_l)Rn—l

which reduces to

Pz(n-z/n) = d(n—2,n)Pz(n—l/n)dKn-2,n)+-Pz(n—2/h—1) .

Now by assuming

Pz(k+1/h) = d(k+l,k+3)Pz(k+2/h)d%k+1,k+3)+—Pz(k+1/k+2)

and proceeding as was done previously it can be shown that

D (L/nY = Al V95D (101 /sVYA?2 (1 a5 2o (/A1)
- \Neny asay - A\ ew — - Ao A% g ot amy - Ny -

- P PO RO . : z
z z z
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which proves by induction that the above equation is the
expression for E[z(k,n)z(k,n)]. Using the identities for
d(k,n) given in the preceding sections the above expression

for E[z(k,n)2(k,n)] can be rewritten.

Pz(k/n) = g d(k,i)PZ(i-l/i)de,i)
i=k+1
where
P (i-1/i) = (M;0; ; ,+N;) czl(Mimi,i_l+ N
Therefore,

n
P(k/k) - 2P(k/k)[ X d(k,i)P,(i-1/1i)&'k,1i) JP(k/k)
i=k+1

P (k/n)

n
+ P(k/Kk)[ = dlki)P,(i-1/i)d' (k,1i) JP(k/k)
i=k+1

I

P(k/k) - P(k/k)P, (k/n)P(k/k) .
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V. DECOUPLING OF THE DELAYED STATE MODEL

FILTERING AND SMOOTHING EQUATIONS

To add completeness to the delayed state model equa-
tions, these too will be decoupled when bias states exist.
Therefore, the effective system size will be reduced by ap-
plying the idea of parallel computations as Friedland (7) has
done for the regularly modeled systems. Because of the sys-
tems that can be twisted into the delayed state model the
decoupling of the equations for this model should be useful.
For example, it has been mentioned previously that aided
inertial systems fall into this class of systems especially
those systems with bias states defined. Here computer size
and computation time are at a premium. So, if decoupling
the equations alleviates some of these specifications it
would be well worth the time and effort.

The first section of this chapter presents the decoupl-
ing of the filtering equations derived by Brown and Hartmann (3)
and presented in the last chapter. Many additions had to be
made to Friedland's method because of the delayed state
present in the measurement equation. After much juggling
of equations it will be shown that the estimate of the state
vector x at time k given k data points can be decoupled when
the system has been augmented becaJZe of biases present.

Proceeding further, the second section presents the

decoupling of the smoothing equations derived in the last
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chapter when the model of the system has bias states present.
The most difficult part of this development is writing the
expressions for the portions of the z(k,n) matrice. The re-
sults of this development do not appear as simple as those
presented in Chapter III. This is because of the cross cou-
pling involved due to the presence of the delayed state vec-

tor in the measurement equation.

A. Delayed State Kalman Filter with Bias States

Friedland has offered a scheme to decouple the computa-
tion of bias estimates and the state estimates to save time
and money. Of course the saving is greatest in large sys-
tems with about the same number of bias variables as there
are states. This saving would also be of interest to people
trying to use the delayed state Kalman filter equations.
Therefore, the rest of this section will consist of the de-
velopment of the decoupling of the delayed state Kalman fil-
ter with bias states.

The dynamical equation for this development are the same

as before except the delayed state explicitly 6ccurs in-the

measurement equation.

x(k+1) = A x(k) + B b(k) + gy

b(k+1)

b(k)

y(k) = ka(k) + ka(k-l) + ckb(k) +dy -
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If the state vector is augmented to include the bias state
by redefining the state vector as

x(k)
Z(k) = |- - )
b(k)

the dynamical equations are

Z(k+l) = FkZ(k)-l-Ggk

y(k) = L 2(k) + 3, Z2(k-1) + dyy

where
251 By
Fk = _..T._.
0 I
-I:‘
G —,[0.
Iy = (B ) Ol
g = [N | 0] .

From the review of the delayed state Kalman filter, the
equations for the best estimate of Z at time k+1 given the

set of observations {y(l),y(2),...,y(k+l)} are as follows

Z(k1/kt1) = By 2{k/k) + Wikt 1) [y (k1) = (L, Fy + Jk+l)i(k/k)]
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W(k+1)

, 1
P(kt1/K)Ly 4Dy 3
Dyy1 = LypPORFL/RILL, g + 1y Fy PRI+ 0y P (K/KIFIL

R

t Oy PRI ARy

P(k/k) = [I—W(k)Lk]P(k/k—l) —W(k)JkP(k—-l/k-l)F’k__l

P(k+1/k) = FkP(k/k)F]'{+ GQkG’ .

Now, define P(k/k-1) as the covariance which ‘is the solution
to the above equation for the a priori covariance for the

initial conditions

B_(0/-1) ! 0

P(0/-1) = | — — — . )
L 0 ’ 0

Therefore, a general solution may be written as
P(kx/k-1) = B(k/k-1) + U(X)M(X) U’ (k)

where here again M(kX) is an r X r symmetric matrix. The

last term of the above equation comes from the fact that

be(O/—l) Z 0

P(0/-1) # 0
and
uuﬁl)zpku_QUG%JUm)
M(k+1) = M(X) - M(X)U’ (k)E D-1E, U(X)M(X)

k'k Tk
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where

Wik = Blk/k-Du B+ E, Bk-1/k-1)3; 51

Dy = I P(k/k-1)L) + Iy Fy 1 P(k-1/k-1)J; + 3, P(k-1/k-1)F; Ly

+ J, P (k-l/k—l)Jk+ Rk

B} -1 R |
By = It Oyl = I v 9Py = Bfy -

The proof of the above equations is in Appendix A. Proceed-
ing on as was done in Friedland's original paper (7) the a

posteriori covariance equation is written as
P(k/k) = B(k/k) + V(k)M(k+1)V'(k) .

Using this fact and the two previous equations for the a

priori covariance equation it follows that

U(k+l) = PV (k)
which implies that
v(k) = [I-W(k)E, JU(k)
or which can be written as
v(k) = [Fy_; -WOE JF, 000 = [F_ -WREITK) .

Next, the expression for Bk will be derived by using

the identity for E and the a priori covariance equation

Bk = ka’ (k/k-1)L4 + Lk[ﬁ(k/k-l) - GR,G'] (Fic_l)-lJi{
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~1.~ ,
+ 3, F, 7 [P(k/k-1) - 60, GTL;

-1,
+ kkl[Pk/kl - GQ, G (Fy 1) "I + Ry

Ek[P(k/k—l) - GO, GE] + L, GQ G Lj + Ry

"' / ’ -1=, '
E,Fy l[P(k/k— -GG (F) ) TE +L,GO G L + R .

Now the expression above is expanded taking small portions

of the equation at a time. _
B, (k-1/k-1) | 0 |

P T [P(k/k-1) - 60, 67 (F) ) 7h = Blk-1/k-1) = |— — — — .,-_
0 0
|

Q) ! 0] Hﬂ

LkGQkGl L = [Hk li ck] —-'—, _,__-! = HkaH]'(
0 | o||cl

Py 1 Bra1t Gl -
Therefore,
D = [HAy  + NP (k-1/k-1)[mA,  + N ]+ HQH +R,

HP(k/k-1H + B A P (k-1/k-1)N + N P (k-1/k-1)
A g H NP (k-1/k-1)N +Ry .

Next, the expression for ﬁ(k) will be derived by expanding

the following

~ _ ~o] . -1 3 ~o1
W(k) = P(k/k- 1)Ek . — GG’ (Fk l) T3 Dy
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—l

[P(k/k-1) (Fy ;) "Ep

, “1., qmol
-GG (Fy _4) 793 IDy

where

)-l

= e e e e e e e e

1": (k/k-1) (8)-1 % o-}

B(k/k-1) (F )

= P e, -z
P(k/k-1) (Fy ;) "B~ = |— — —

GQkG (Fr )~ Jk = e— —— .

k-1

Then it follows that

-1 j?

) P (i/k-1)H+ (P, (k/k-1)-0)) (A )TN | .
W) = |- —— e — —-iJ by
0
13 (k/k- l)I-lkD +A,k 1P (k- 1/k—l)N
N 0
EX)
| 0

Now, the expression linking U(k) and V(k) must be ex-

panded. First, however, some identities must be established

from ‘past equations. Since
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U(k) = Fk_lU(k)
£hen
- ™ ~
vl e lBk_ﬂ | 9,0 i %Ak_lux(k“Bk_lUb(k)
_...__—.:-..-.--—-—-i-—- :—-—-«-—!:gw-—-m—-—-—--—-—»-——-
Ub(k) { 0 I Ji_ub(]‘_j | Ub(k)
Also,
U (k+1)] fa a1V (o V_(k)+B. V. (k)|
x Py B |V Ak x'b
U(k+l) = | —— =FkV(k) =i—-~l-— ———-‘ | ——— e —
Ub(k”)_j LO | I vb(k)_J Vb(k)
and
vx(k) .
— —| = (Fy_y -WEK)E)T(k)
,vb(k)
_Ak_l-%x(k)Hk-Ak_l+ Nk Il B -1 —Wx(k)HkBk_l+ c:k—_i
i : ', : J
ﬁx(k)
ﬁb(k)

e

Ak_lﬁx(k)+Bk_lﬁb0<) -ﬁx(k){Hk[Ak_lﬁx(k) +Bk_lt‘1b(k) I+ N U, (k)+ C Uy (k)|

J
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u_ (k) '-wx(k)nkux(k) + N T (k) + C Uy (k)

Ub(k)

The above equations imply that

Ub(k) = Vb(k) = Ub(O) = Constant, for all k .

If it is assumed x and b are independent at k = 0, i.e.,

be(O/-l) =0

and if
U,(0) = I and U (0) =0,
then
v (k) = U_(k) -¥W_(k) [BU (k) + NT (k) +C]

?x(k) -Wx(k)T(k)
M(k+1) = M(k) - M(k)T’ (k)D]_(lT(k)M(k)
Ux(k+l) = AkV'x(k)-l-Bk .

The above expressions also allows the components of the co-

variance matrices to be simplified as follows

Px(k/k-l) = P(k/k-1) +Ux(k)M(k)U;((k)
be(k/k’l) = Ux(k)M(k)
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Px(k/k) = P(k/k)i—VX(k)M(k+l)V;(k)
be(k/k) = Vk(k)M(k+l)

Pb(k/k) = M(k+1) .

To be able to write the equation for the best estimate
of the augmented state vector into the partitioned equations,
the estimate of the bias and state vectors, the gain matrix

M(kX) must be partitioned. The equation for W(k) is as fol-

0 I be(k—l/k—l)

I
\-Xk_lpx(k—l/k—l)Ni(+ By 1Pl (k-1/k- 1)N"l

L Py (k-1/k-1)1; ,J

lows
_ -1, -1
W(k) = P(k/k-1)L D _P (k-1/k-1)J;, Dy
where
_ -
P_(k/k-1) Ebe(k/k—l) Hy
P(k/k-l)Li T o e e e ——
(/K1) :Pb(k/k-l) e
(P (k/k-1) B + P (k/k-1) C |
P!y (k/k-1)H + Pb(k/k-l) c,
2 1 B, ;|| B, (k-1/k-1) ibe(k-:t/k-f)'i .“}'{
F P(kl/kl)J’:-—-— — Ao
K ‘ p(kl/klizo'
_H. '

ommice  whems
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Therefore
W (k)
Wk) =l-
wb(k)

14

Py (k/k-1) 4P, (k/k-1)C+a, 1P (k-1/k-1)N + By B (k-Vk-DN

Looking at the equation for Wb(k), it may be reduced
by using the expression for the components of the covariance

matrices.

‘wb(k)

[P;{b(k/k—ll-li{ + Pb(k/k—l ) G+ Py b(k—]/k—]) Ni(]D;:l

(M) U (KB -+ M06) G + M(K) ¥ (k1) n Jot

M(k) (U] (k) + C + T, (k) D}

M(k)T’(k)Dil 3

Now proceeding in the same manner the gain Wx(k) is

reduced.

W (k)

[P, (k/k-1)B +P_, (k/k-1)C"+ A, P, (k-1/k-1)N

’ ’ ""l
+ P’/ . (k-1/k-1 )Nk]Dk

By-1Fxb

W (k) V(0w () .
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The proof of the above equation is found in Appendix B.

The best estimate of the augment, state vector is written,

as before,
Z(k/k) = Fk_li(k-l/k-l) +W(k) [y - (L Fy 1+ Jk)ﬁ(k-l/k"-l) ]

which can be rewrittep as two equations,

x(k/k) = B, %(k-1/k-1) + By D(k-1/k-1).

+ W () [y, - (B A +N )X (k-1/k-1) - (H,B, ;+C,)
‘.’ B(k-1/k-1) ]
and
b(k/k) = b(k-1/k-1) + W[y, - (BA, | + N )X(k-1/k-1)
- (BB, _; + ) bB(k-1/k-1)] .
Let X(k/k) be the bias-free estimate, i.e.,

x(k/K) = & %(k-1/k-1) +W_(%) [yy - (B A+ )X (k-Vk-1) ]

and ﬁk(k) is the bias free gain given earlier. The result

that is to be shown is

x(k/k) = k(k/k) + V, (k)B(k/k)

To prove this result, the regiduals of the partitioned equa-

tion will be written as

¥y - (B Ay + N )R(k-1/k-1) - (5B, ; + ck)fa(k-l/k-l),
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1

Yy - (B A g+ N X(k-1/k-1) - (HA, Vv, (k-1)

+ Nkvx(k"l) + HkBk_l+Ck)b(k-l/k—1)

= ¥y - (BU X) +v, 0 () +C )b(k-1/k-1)

1

¥y - T(K)B(k-1/k-1)

where ?k::yk-HkAk_lﬁ(k-l/k—l) = the residual of the bias-
free estimation. Using this result the expression for

b(k/k) is

b(x/k)

H

b (k-1/x-1) +w, (k) [¥, - T(k)b(k-1/k-1) ]

[T -w (k)T(k) Jo(k-1/k-1) +W (k)vy

and the expressions for x(k/k) is

X(k/K) = B X(k-1/k-1) + [A,_ V (k-1) + B, - W (K)T(X)]
. b(k-1/k-1) + W, (k)Yk

which implies that

X(k/k) = X(k/k) + V() B(/K) = x(k/K) + V, (k) [T-Wy (k) T(K) ]

o Blk-1/K-1) + V()W (K) ¥y

A, 1X(k-1/%-1) + [A, |V, (k-1) + B, +W _(X)T(k)]
- b(k-1/k-1) +W_(k)v,

for all k, ;k' and b(k/k). This requires that
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v (K) [T -w (KT(k) =2,V (k-1) + By = W, (k) T(k)
since

W) = W (k) + V(W ()
which can be reduced to

v (k) = v (k)W (k) T(k) + A,V (k-1) +B, ; -W, (k)T(k)

U, (k) =W (k) (k)

which is the expression for Vx(k) previously derived. Hence

the desired result,

x(k/k) = x(k/k) +vx(k>£<k/k)

has been proved.

This result is the same as Friedland obtained in his
paper except sSome of the matrices in the development are
different because of the delayed state. Therefore, there
is also a savings in the delayed state Kalman filter by
modeling a system with biases and then decoupling the com-

putation, as was indicated for the regular Kalman filter.

B. Fixed Interval Smoothing Equations for the
Decoupled Delayed State Kalman Filter
The justification for deriving this decoupled fixed-
interval smoothing equation will be the same as was given

in Chapter IIZ when that smoothing'equation was derived for
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the decoupled Kalman filter.
Again the development is started with the augmented

difference equation, which are repeated here for convenience.

Z(k+l) = sz(k) + Ggy
yk = LkZ(k) + JkZ(k—l) + 6Yk
where
X(k) Ak:Bk I | l
k) =|= = | By =|= 7|6 =y = (RG] B = 500 -
b(k) 0,1 0

Using the above notation, the fixed-interval smoothing equa-

tion will be

Z(k/n) = z(k/k) + P(k/k)z(k,n)

z(k,n)

d(k,k+2) z(k+1, n)-l-[Lk+l,Fk k+l]'Dk+ly(k+1/k)

where

Ykl k) = vy g = (Ly  Fp+ Jk+l)§(k/k)

d(k,k+2)

a(ie,kt1) {F, = W(ier1) [Ly  Fy + 3y 1)

d(k,k+1)

n
-

Since z(k,n) can be partitioned as follows

]
z(k.n) = e - — :
[?b(k,nll



the augmented smoothing equation may be written as the fol-

lowing two equations:

x(k/n)

x(k/k) + P, (k/k)z (k,n) + P, (k/k)z, (k,n)

B(k/n) = B(k/k) + Py (k/k) 2, (k,n) + P, (k/K)zy (k,m) .

Using the results of the first section of the chapter, it

follows that

X(k/n) = x(k/k) + B, (k/k)z, (k,n) + V, (K)b(k/m) .
In order to decouple the smoothing equation fully, zx(k,n)
must be written as a function of Ex(k,n), that term from the

smoothing equation for the bias-free system. The needed re-

lationship is

zx(k,n) = Ex(k,n) - e(k+1l,n)

where

e(k+1l,n) ? (Hk+lAk+Nky ﬁk;iT(k+1)£(k+1/n)

+ d(k,k+2)e(k+2,n) .

The development of this relationship is in Appendix C.

Therefore, it follows that

%(k/n) = x(k/n) +Vx(k)f)(k/n) -f’x(k/k)e(k—i-l,n)

where

e(k+l,n)=:(Hk+lAk+NkY ﬁk:iﬁ(k+1/n)+§(k,k+2)e(k+2,n) .
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Notice that because of the delayed state in this model
of the system, the best smoothed estimate of the bias at
time k given the data through time n is not b(n/n) as was
the cése in Chapter III. Therefore, as is indicated, the
smoothed estimate of the state i(k/n) is depgndent not only
on the decoupled terms, x(k/n) and b(k/n), but also on all
the previous smoothed estimates of the bias, ﬁ(k+l/n),

b(x+2/n),...,b(n/n).
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VI. COMPARISON OF RECURSIVE SMOOTHING

VERSUS BATCH PROCESSING

The idea behind batch processing is to manipulate all
the data at once, where as in a recursive scheme the data is
processed one point at a time. Of course, hidden in the
recursive method is the use of all previous data via the
use of the past estimates. The idea of batch processing
was dropped as an on line method when the recursive schemes
were presented because of the size and number of computa-
tions that are involved. Another disadvantage of the batch
processing methods was that each time a new data point was
received the order of the problem or equation that would
have to be manipulated would increase. So, when Kalman in-
troduced his recursive equations, his method had many ad-,
vantages justcfecause of their recursive aspeét. To re-
affirm ones faith in recursive equations, two methods of
batch processing will be compared to the recursive smoothing
equation developed in the previous chapter. In order to make
the comparison, system size and smoothing interval must be
chosen. The smoothing interval will be 36 steps and the
system size will be 16 states. This choice is consistent

with the example to be given. later.
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A. Fixed Interval Batch Processing
The fixed interval batch processing could be ration-
alized from the fact that any estimate is a function of the
input data. Therefore, the set of equations for the set of
smoothed estimate for the 36 point interval can be written
as

%x(1/36)

kl(l)y(l) +Xky(2)y(2) + ...+ k; (36)y(36)

%(2/36)

kz(l)y(l) +ky(2)y(2) + ...+ k2(36)y(26)

x(36/36) = k36(l)y(l) +k36(2)y(2) Feeet k36(36)y(36)

where ki(j) are the weighting coefficients. These coefficients
'have to be chosen in some optimal fashion. Looking at the top term

of any one of the above equations,. the mean squared error is given
by

ez
n

[x(n/36) - x(n) ]-5 = %%(n/36) - 2%(n/36)x(n) + %2 (n)

k221 +x 2273 (2) + ...+ k_2(36)¥%(36) ]
+ 2[k (Lk_(2)7(Dy(2) + k_(Dk_(3)FDIF) + ...

+ k (2)k (3)y(2)y(3)...]-2[k (1)y(l)x(n)

+ X_()FTDR@ + ... +X_(36)7(361x(m) 1+ x°(n)

forn=1,2,...,36 R '
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The kn( j) components must be found to minimize ei. There-
fore, if the derivative of gg is taken with respect to kn(j)

components, i=1,2,...,36 and set equal to zero for all n,

the following set of equations must be solved.

paw — p - — ——

v yOy@ ... yOyEe | [x (1) y(Dx(n)

y(2)y(1) vy2(2) oo ¥(2)y(36) | |k (2) y(2)x(n)

B YrYTS —_—
_Y(36)y(l) y(36)y(2) ... y2(36) i} 1l_kn(36)_j _y(36)x(n)-J

This equation looks innocent enough and is easily solved,
given a computer. However, this is just part of the situation.
The first clue as to the situation is the size of the con-
stants, kn(j ), j=1,2,...,36. Ifitis assumed that the measure-
ments are scalars, the best possible condition to reduce size,
the constants are 16 x1 vectors. Therefore, in order to solve
for the constants from the above equation, 16 systems of 36
equations in 36 unknowns must be dealt with. Plus, if all 36
smoothed estimates are to be computed, a systemof equations of
the same order must be solved 36 times. But, if this were not
enough, each known variance and covariance indicated in the
above matrix equation must be evaluated. Using the set of dif-

ference equations used in Chapter IV todescribe the delayed
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state system, it follows that

y(1)y(5) = HD)x(1)x (B (5) + N(i)x(i-1)x" (58 ()
+ oy, X' (J)H (§) + H(1)x(1)x' (j-1) N (j)
+ N(1)x(i-1)x" (j-1)N (§) + dy,;x’ (-1)N' (5)

+ H(i)x(i)by3+N(i)x(i—l)by’j-+6yiby j

where

x(i-2) + 0, -

x() =0 i-2 i,1-19%-2% 951

i,i1X0E-1)+ g, =0,

i
= ses = mi'ox(0)4-j§l mi,jgj—l .

In order to evaluate y(i)y(j) = E[y(i)y(j)] the following

equation must be evaluated

i

E[x(1)x(j) ] = E[@, ~x(0)X(0O)D". ~+ £ X O, g .0 0. .1
i,0 j.0 nel k=1 LB n-1"k-1"j.,%k
i ]
= ’ ' ' @, E ; o’ .
= mi,OE[X(O)X (0) ]mi:0+n§1 kEl i,n [gn-lgk—l] i,k

Since the first term is a constant or bias term it can be

subtracted out of the equation. Then all that is left is

(o ) 'lm'. .

3
E[x(1)x(j)] = = @ k,0 j.0

-1
. ~D Q
) k=1 i,07k,0%k
Since all the matrices in the above equation are 16 X

16 it will be a formidable task to form the above equation

even if Qk a diagonal matrix. Note that the above equation
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is just one term of E[y(i)y(j)] which is just one term of
the 36 x 36 matrix needed to find the coefficients k_(j),
j=1,2,...,36. There are approximately 5,266 triple sums
of the form indicated aboye to be evaluated in order to
solve the 16 systems of 36 equations needed to form the
smoothed estimates. One can see that if the number of

" smoothed estimates increases the number of operations given
here increase many times. So, it is fair to say that in |
this batch processing scheme the size of the system, not the
nature of the computations, makes the smoother a very dif-

ficult operation.

B. Fixed Point Batch Processing
This method uses the recursive filter equations to de-
rive the best estimate of the state vector given all the
data from the 36 point interval. Instead of the usual dif-

ferences equations, the following will be used.

x(k+l) = @, 1 X(k) + gy

Ypq T By Xk) +3Y

where _ _
Vel

_ Yyi2

Y+l .

¥
Yk+36 |
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To find A and bz, the measurement equations

Yy = Mlx(])+ le(0)+ 5y

Y, = sz(?)+ N2x(1)+ oY,

Y36 = M36x(36) + N36x(35) + 6y36

must be put into the form indicated above. After the fil-
tering equations have been applied the results will be the
36 smoothed estimates of the state variable.

To start with let k+1 = 1 then

x(i) = (Dllox(O) *+9

Y, = Alx(O) +dY, .

- Now A and -X must be found. It follows that

y; = (Mlml,O+Nl)x(0) + Mgyt by,
Yo = (My0y 4 + N0y ox(0) + (MyD, o+ Ny)gg+ Myg; + 0y,

Yy = (MgDy o+ N3)D, 0y ox(0)+ (M3Dy 5+ N3)O, 19,

+ (M303' 2 + N3)gl + M3g2 + by3

‘Therefore,



6yl :
_ 5,
Y, = Alx(O)-i-BlGl +
Y34
where
(Mlml,0+ Nl)
(M0, 1 +N,)0,
(M., D +N,)D
A =| 32 3720 (36 x 16)
| M36%3¢, 35 * N36) 035 ¢ |
B, =
My [0 [} 0
(M0, + Np) M, 9 0
(M3D3 ,+N3)O, (My05 5+ Ny) My 0

_(M36“’36,35+N36) 035,10 Wiadlsq, 357 N3g0y; T T L

(36 x 36.16)



Since

o)
Y36

the covariance of dY is

vy

where

x|

-, -
BlQlBl + R

1
QO O 0 .
0 Ql 0.
0 0 02 .
0 0 0.
-
Rl o ...
0 R2 ¢ o e
0 O L] [ L]
.

72

(36-16 x 1)

(36 x 36)

(36 x 36)

(36 x 36)
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The next operation is to find the gain matrix W, which
is

-1
+ vy)

Wl = PA (AlPAl

where P is the usual error covariance matrix for the state
variable. Note that one has to invert a 36 x 36 matrix to
evaluate W. Also, within this equation there are large
matrix mulﬁipliers which are time consuming. Now the

smoothed estimate will be

;C(l/36) = mlloﬁ(o/o) +W1[§l'§-l]

To obtain the smoothed estimate x(2/36) the same pro-

cedure is followed.

x(2) = (Dzllx(l)al-gl

Y. = A,x(1) +8Y

2 2 :

Arranging the measurement equation into the desired form
implies that

B ]
(My0, |+ N,)

(M. 0 + N,
5 = 33,2 737721 (35 x 16)

L(M36“’36,35 tN3e) 055 4
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0 e 0

M, 0 0
(M3(D3l o+ Ng) My . 0

By =1 i i ) X
M3eDyg 35+ 0ag o (MygDye oot dOop 5 oo My

(35 x 35-16)

G, = ! ° (35-16 x 1)

935!
— ———

Now one can go ahead and find the gain matrix and write
down the smoothed estimate. It should be pointed out that
ﬁhe sizes of the matrices had been reduced which will re-
lieve slightly the compqtational difficulties.

This method is to be continued until all the desired
smoothed estimates are found. The last step should just be
the nominal filtering equations for the delayed state model
and the size of the matrices involved in the computation
will be that of the system itself. Until this step inverse
Operations and matrix multiplies were carried out on large
matrices causing this method to be inferior when compared

to the smoothing scheme derived earlier.
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VII. THE USE OF SMOOTHING IN AN INTEGRATED

INERTIAL/DOPPLER-~SATELLITE NAVIGATION SYSTEM

The block diagram of Figure 3 summarizes the system
used in this example, which was presented by Brown (2).
This system was flight tested and the inertial and Doppler
satellite systems were operated independently and data from
each was recorded. Also, the true error curves were ob-
tained by accurate radar or check points makes this sys-
tem valuable as an example.

The idea of the Transit system is to aid the inertial
system by passing on position information. At the present,
the navigation satellites are circling the earth giving their
positions as they pass. Of course, under this arrangement
there will times when the inertial system is out of range
of any of the circling satellites. During this time the
Kalman filter‘for the delayed state model propagates the
errors just through the dynamics until another satellite
pass occurs.

The properties of the inertial system are:

1. The system is basically terrestial (near-earth),
and the vertical (altitude) channel is implemented
by other than inertial means. |

2. The inertial system is strapped-down. This means

the body mounted and the computer coordinate frames
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Inertial Inertial System Outputs \
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\ _r
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Computed
Doppler
+ Count
Transit > Kalman <
System y Filter |

Figure 3. Block diagram for aided inertial system
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are related by a direction-cosine matrix that is

continuously updated.

Using the theory of error propagation in inertial systems

given by Pitman (18), the system states are defined as

follows (2):

by )

from the Y-equation and Schuler
dynamics (R = earth radius,

g = giavity constant, and

cooz = g/R)

altitude error

body-mounted gyro biases

body-mounted accelerometer biases

altitude rate error

Doppler-count bias error
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The gyro drifts and the accelerometer errors are
modeled as slowly varying Markov processes. The Kalman

filter input modeled by Brown (2) is

Vyk kaKk)+-ka(k-l)+-ayk

where

My

Ny

[0O0O bk 0 Oy 0 Rak 0000000 1]

[000 -b_, 0-c _; O-Ra _;00000000]

The parameters in the Mk and Nk matrices are dependent on

the position of the inertial system and the satellite coordi-
nates. Thus this problem is non-linear and the Kalman filter
should not be optimal. Some method had to be used to take
away the nonlinear aspect of the system. One way would be
to uée the inertial system data and calculate the a, b, c
parameter for each new estimate. The accuracy of this cor-
rection method can be checked very nicely by using the true
error data obtained from the flight test. It turned out this
method did not give enough accuracy.

Recent analytical studies made by Brown have shown that
if the a, b, c parameters are calculated with a corrected
position the Kalman filter estimation of the position errors
are very close to the actual error. In an attempt to cor-

rect the position data a smoothing scheme was implemented

into the system.

2 L
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The system will not include the Kalman filter with the
a, b, ¢ parameters computed with the raw inertial data. Theﬁ
reprocessing all the satellite data recursively with the
smoothing scheme, better estimates of position are obtained.
Using these better estimates the a, b, ¢ parameters can be
remcomputed and the Kalman filter rerun. It was found that
after two cycles of filtering and then smoothing the esti-
mates of the errors were very close to those obtained using the
true latitude and longitude in the a, b, ¢ parameter computation,

Figures 4 and 5 indicate the estimation error in lati-
tude and longitude channels of the system during the satel-~
lite pass. The curves were obtained by using the iteration
technique discussed above. One can see that after two
iterations the error curves coincide for each channel.

The subscripts in Figures 4 and 5 indicate the order in
' which the two types of curves were generated. . The order
of the curves generated by the iterative progf%m is Al'
Bl' A,r By, and Ay 8

Figures 6 and 7 indicate the error curves for a whole
.flight. These graphs indicate the accuracies one may ex-
pect from iteration technique previously discussed.

To implement the smoothing scheme, a subroutine plus
iteration logic was added to the filtering program used for
this example. The iterations were made easier because all
the dynamical data for computing the transition matrices and

the covariance matrices for the system noise vectors were on .
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tape. Therefore, it was just a matter of rewinding the
tépe to iterate instead of storing all the data in the
computer. Also, the fact that the measurement equation
was a scalar made the filtering and smoothing computationally
easier because the inverses in these algorithms were trivial. -
Figure 8 is a rough flow chart of the computer program used
in this example. Figure 9 is a flow chart for the program
used to compute the smoothed estimates. In this subroutine
the values of z(k,n) are computed starting from the last
point in the pass to the first point of the pass. And then,
the smoothed estimates are computed starting at the first
point of the pass to the last point of the pass. This pro-
cedure was outlined when the smoothing equations were de-
véloped.

The block diagram of Figure 10 summarizes the new

system.
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VIII. CONCLUSIONS

When averaging is involved in the measurement process,
the delayed state automatically appears in the measurement
model. Therefore, the Kalman filtering equations have been
developed for the delayed state model. As has been men-
tioned before, this type of modeling can be used quite nicely
for certain aided inertial nagivation systems.

The importance of the delayed state model suggests that
there could be a need for more than just the filtering equa-
tions. Therefore, in this work the smoothing equations for
the delayed state model were developed. Realizing that in
many of the systems being used, the measurement vector is
smaller in size than the state vector:; the smoothing equa-
tions were derived to involve inverse operations on matrices
of the order of the measurement vector. The trade-off being
that all the measurement matrices must e remembered.

One of the inherent problems of the smoothing algorithm
in general could be eliminated by proper use of the smooth-
ing equations derived in this work. In most smoothing
schemes some provision must be made to step the covariance
matrix backwards in time. Upon carrying this out one must
invert a matrix of the system size; hence, defeating the
reason for writing the smoothing equations in the stated

manner. But, by proper ordering of the computation of the
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terms in the smoothing equation presented in éhis work,

the covariance matrix can be stepped forward in time. The
method or equations for this are obtained directly from the
filtering equations. This procedure is illustrated in the
example in Chapter VII.

In the process of modeling systems in the Kalman for-
mat, extra states could be defined. Friedland (7) has discussed
a method fof decoupling the recursive equations when bias
states are present in the system equations. He has taken
the serial computation problem, that presented by the aug-
mented state assignment, and decoupled it into two computa-
tions in parallel. His method could amount to some savings
in computation.

Of course, the advantages of the above decoupling
scheme should still be present for the delayed state model-
ing. The delayed state cccurring in the measurement offered
a formidable equation obstacle to the mathematical develop-
ment of the decoupled equations. By being consistent with
Friedland's notation, the equations derived for the delayed
state model look very much like those derived by Friedland.

The application of the above mentioned decoupling
sounds rather restrictive. However, it must be remembered
that slowly varying noise could be thought of as bias states
over a relativelv short veriod of time. 1In the case of the

smoothing equations, the decoupling aspect remains
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-
restrictive unless one's budget is very limited. This is
because the general philosophy behind smoothing makes it

an off-line or after the fact computation. Therefore, there
are no time or computer size restrictions on.the smoothing
calculations. This means that one would not want to degrade
the models of the systems just to take advantage of a compu-
tation method. However, changing the conditions under which
the smoothipg computation must be made may yield a more
favorable attitude toward the remodeling of some systems.

An interesting side light to the whole idea of smooth-
ing has arisen. In the example presented in Chapter VIiI, the
smoothing equations were used to help solve a nonlinear prob-
lem. The idea of using smoothing algorithms to help solve
nonlinear problems needs much more investigation, but has been
demonstrated to work in the example presented. After two
smoothing and ‘filter iterations it was found tflat the solution
was as "good" as could be obtained by using the already known
true error to get rid of the nonlinear aspect of the problem.
The speed at which the iteration method converged is due to
"goodness" of the initial system model. The position errors
were relatively small as cormpared to the vehicle's actual
position on the earth. Therefore, like the second order

steepest descent method (12), convergence occurs only if the
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XI. APPENDIX A

Consider the covariance equation

P(k+1/k) = Fk[I —W(k)Lk]P(k/k—l)F]’(
- F,W(k)J, P (k-1/k-1)F, | F, + CQC’
and
P(x+1/k) = Fk[I-ﬁ(k)Lk]ﬁ(k/k_l)Fk'
- F W(k)J P(k l/k—l)Fk 1 k+ GQk

where, from the derivation in Chapter III,

S, = P(k/k-1) - B(k/k-1) = U(k)M(X)U’ (k)

Spp1 = P(k+1/k) —=B(k+1/k) = U(k+1)M(k+1)U’ (k+1) .

Note that the x subscript has been omitted for convenience,

therefore,

Spe1 = Fi[P/k-1) - P(k/k-1) JF} - F, [W(K)L, P (k/k-1)
- WKL P (k/k-1) JFy - Fy [W(K) 3, P (k-1/k-1)F, |

- W(k)3 P (k-1/k-1)F, ] ]Fp

= B (S -W(K) (L3, F, T IR (k/k-1)+W (k) 3, Fy 16O, G

+ W(k) [Ly+ 3, Fy l]P(k/k—l)—W (k) T, Fy ~ iGQkG }Fy

where
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— 4 ! —l ’ "‘l ' ’ _l ’ —l
W(k) = P(k/k-1) [Ly + (F, )79, D~ -GQG" (F, ;)7 J,D
W(k) = P(k/k-1)[L’ + (F ')'lJ']B‘l.-GQ G’ (F ')"lJ'fS‘l

k k-1 k-"k k k-1 k"k
E, = L, + JF %
k k k k-1

P(k/k-1) = B(x/k-1) + Sy .

Making substitutions, Sk+l becomes

_ . ;=1 ;=1
Sie1 = FilSy = SyByDy EySy - Sy EyDy "B P (k/k-1)
+ s E'p-Ya F, . 7leo 6 - B(k/k-1)E/DIIE, S
K%k TxFx-1 % 1k ExSx

. sy=1_,~1 ~ P — |
+ GG’ (Fy 1) "JyD "E.S, + P(k/k-l)Ek[Dk - Dy "]

. B B/k-1) - Blk/x-1)Ef [T - 071 1a F, Tleo @
- 6o ¢ (r, )7l [5‘1 -D“l]E B(k/k-1)
k” k-1 Ykt TPk

7 ] "'l ’ ~"'l "l "l ? ?
+ 6O (Fk_l Jk[Dk - Dy ]Jka_lGQkG }Fk .

Now, if it is assumed that

U(k+1)

Fk[I —W(k)Ek]U(k)

and

M(k) - M(k)U(k)’ E/D_T

M(k+1) Pk

It

EkU(k)M(k)

then
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~ 1
Sppp = Ur1)M(k+1)UCk+1) = F {0 -W(XE)[S, -5 ED ES]

(1- ROVEIY 7

’ —SEﬂfl'S-+EMﬂ@DEu5—

1
xSy — Sy ExDy "By Sy

E, S E’D"1

3 w1
= F kSKERPx ~ Dy 1By Sy

’ ] -1 ’ vl w—1 ’ -1
+ GQkG (Fk_l Jk[Dk --Dk EkSkEka ]Eksk
+ S, E/[DIYE S, BBt - BTN IE, B (k/K-1)

k“k'"k TK"kkk T Tk YTk
'

PR - | ~o] -1 ,
+ skEk[Dk -Dk EkSkEka ]Jka_lGQkG
+ ﬁ(k/k—l)E'[H*lE s, 57t - o7le s E'DTYE, S E'Bflj

A e e e e T e

~ . . | | , -1
. EkP(k/k-l)+-P(k/k—l)Ek[Dk E) Sy By D) "E, S, By D

~ -~ -1 ’
- Dk EkSkEka ]Jka_l GQk

’ ’ "‘l l. N—l ? —l ,"'_
t 8" (Fy 1) kD B Sy Bk By Sy Bl
~_1 S P , , =1, -1 21
- Dy E, S, EyD ]EkP(k/k—l)4-GQkG (Fy 77 Jk[Dk By Sy B Dy
~-1 ’ -1 I~Jl -1 4 ’
- DBy Sy B D TR S, B D)0y F 1160 G 324 .

Since the two equations for Sk+l are equal, their dif-

ference must be zero

1 1

- { ' -1 N - ’ -1 B
Sir1 ~ Skl = FxtSiBx[Pg -~ Dy + D B S ED T P (k/k-1)

’ —l N"l —1 l"'—l —l ’
- S E[D " -D "+ D "E S E/Dy T 13y Fy T GO G
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~ P S s | S
+ P(k/k-1)E;[D}” -D " +D "E S ED " JES,

/ vl -1 =~-1 = r =1
- GO G (Fk_l) Jk[Dk -D "+ D E S E D ]EkSk

51+ dole s, B BT

~ , _l
+ P(k/k-LIE D" -D " + Dy "By Sy By Dy

w1 ,
= Dy By Sy EyDy

1 T ~ |
E S E/ Dy JE, P (k/k-1) - P(k/k-1) Ey [D

1wl N | -1 =
B I i e e e s o M e T o P

-1 ,
k—lGQkG

1
]JkF

’ iv-lo,r=l =1 =~-=1 =1
- GQkG (Fk_l) Jk[Dk --Dk 4-Dk EkSkEka

""1E S E'D“lE S E'ﬁ'l

Dy "Ey Sy By Dy "B S, ELDL T I P (k/k-1)

i oy=loricl wel ) wod -1
+ 606" (Fy ) "0y [D " -D " + Dy "Ey 5, By Dy
~-1 ra—1 -1 -1 ' ’
- Dy ExSkBiPx BiSyBDy 19y Fy 1696 IR
=0 .

To show that the above equation is true, it must be shown
that

D—l__ﬁ—l

1 m=l
k .

E,S.E = 0

* Dy By Sy ELDy

k k

I R, R | .
Dk --Dk -FDk EkSkEka =0

/

0 T S | S R | , -1 ~_1
D -D + DB S BBt - BB S B DR S BB =0 .
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!
The following identity is needed to show the above equations:

-1 ,
Ik

LkP(k/k-l)L +Lk[P(k/k -1) -GQ, G ](Fk !
+ Jka_'_:lL[P(k/k-l) - GG’ Ly

Jkaj[p(k/k-l) - GQG’ ] (Fk_i)-lJ]'( + Ry

’ l ’
By + IySily + LS{F )70+ TR I8

]

+ kklk(Fkl) Jx

D + EkSkEk .

The second equation reduces as follows

l

._ ~

BB B mE

-1 -1
- Dk (I~ EkSkEka )

-1 -l~ l

~el pam=l
‘Dk (Dk"EkSkEk)Dk = D -Dp DDy

The first equation reduces as follows

-1 yg-1_5-1_ 1, -1 , ~_1
Dy +Dk E Sy E D" -Dy " = Dy + Dy (Ey Sy By - D )Dy

The last equation reduces as follows



~1
Dy

Thus
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gl e B7le s meisct

B ~—1
k k "kk"k'k

~=] r =1 '
-—Dk EkSkEka EkSkEka

g1 51 _ples e itodle s mrplE s BB

E S E! !
R e T e T s S o o Sl S o

1 1

s edt_D e s EDYE S EDT

(D kExPx  ~ PrERSkExPx ExSkExPx

k

1

-1
- D, B,

P R, [ =1 ye=1
[Dk -D, " - DB, 8 By D ]EkSkEka =0

the assumptions made earlier are correct. Therefore,

U(k+l) - Fy [T - ﬁ(k)Ek]U(k)

- ' r -1
M(k+1) = M(k) - M(kX)U (k)Eka EkU(k)M(k)
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XII. APPENDIX B
Considering the gain component for the state vector x

wx(k)

1

[P, (k/k-1)Hy + P_, (k/k-1)C) + A, ;P (k-1/k-1)N;

' PR
+ Bk_lpxb(k_l/k_l)Nk]Dk

i[ﬁx(k/k—l)4—Ux(k)M(k)Ué(k)]Hi%—Ux(k)M(k)Ci
+ A P (k-1/K-1)N) + AV (k=1)M(K) V] (k-1) Ny

+ B M(K)V, (k-1) N }D) T

By _1 k

1

P, (e/k-1)H + A P (k-1/k-1) N + U (k)M(K) [U] (K)H]

+Cp ]+ (B gV, (k-1) + B, MOV (k-1) 5/ }D}

-1

s |
= W_(k) X .

Dka + Ux(k)M(k)T'(k)D

Using the identity proved in Appendix A and the equa-

tions for Ek and T(k), the following reduction can be made.

Dy = D +ESE = D + EkU(k)M(k)U'(k)Ek

where

3 -1
EU(K) = (L, + 3, F, 1) U(K)
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5
i
=
{
—
|
|
|
l
|

[TJX (x )_]
(B + Ny Ak:i Ck"NkAk:i By 1] - —

R

[+ AT1UR00 (C - N2 TRy )]

EﬂmmmWWM%z(%+%ﬁngmmmﬁﬂﬂﬁ+%%jw

"l ’ ’
+ (Ck-NkAk_lBk_l)M(k)(Ck-NkAk_lBk_l)

[BU, (k) + N2 "7 (U (k) -B, )+ JM(k)

I

. [Hka(k)4-NkAk:i(Ux(k)-Bk_l)+ CJ’

T(k)M(k) T’ (k)

Therefore,

Dk=§+NMMMTm)

Using the inverse lemma presented by Sorenson (21) take the

inverse of Dk

N N, B R | S SN, S |
D~ = D - B (Tk) [T (XD "T(k) + M " (k) ] T (k) D)
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Using the inverse lemma again on the bracketed quantity
[ 0Bl ro0 +17h 0 178 = M) MO0 T () [TOIME) T (K)

+ ﬁk]_lT(k)M(k)

= M(k) - M(K) T’ (k)Dr T (k) M(k)

and

-1 o -1

D"t = Bt - BT (0 (M) - M(K) T’ (k)DL T (ML T () B

~—-1

= D

-1 sy -l
X -Dk T(k)M(k)T (k)Dk

~-1 e -1 , w1
+ D T(k)M(k)T (k)Dk T(k)M(kX)T (k)Dk

Using these results in the gain equations, it follows that
- W o7 ; ' ~~-1
wx(k) = wx(k) —Wx(k)T(k)M(k)T _(k)Dk
+ 00 T MK T (k) D T (R)M(K) T (k) B
, -1 , -1
+ U (KIM(K) T’ (k)D, ™ -V, (k)M(k) T’ (k)Dy
+ V(KM T (x)DT
X k

- T ' ~-1
= Wg(k)-Wx(k)T(k)M(k)T (k)Dk

+ W () TOOMK) T (KD [+ T(RIM(K) T’ () B!
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+ V()W (k)

W, (00) + v, ()W, (k) - B (0 T(0mk) T (%) Bt

+ W G0 TRIME) T ()DL (B + TOOMK) T (k) B

~ . , ~_1
Wx(k)+-vx(k)wb(k)-wx(k)T(k)M(k)T (k)Dk

~ , -1 ~-1
+ Wx(k)T(k)M(k)T (k)Dk DDy

wx(k)+-vx(k)wb(k)
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XIII. APPENDIX C

In order to write zx(k,n) as a function of Ex(k,n) a
look will be taken at zx(n—l/n), zX(n—2/n) and zx(n-3/n) in
an attempt to get at the general expression, zx(k,n).

For k = n-1, the augmented z(n-1,n) will be written as

two equations. If

_ rn—ls
z(n-1,n) = (LnFn + Jn) D ¥(n/n-1)

-1

then

-1 A
_ ’ _ (- -
zx(n 1,n) (HnAn_l4-Nn) D, [yn (HnAn_l+-Nn)x 3i-1/n-1)

(H B

n n-l*'cn)ﬁ(n_l/n_l)]

o

zb(n—l,n) = (H_B

n n-l+'cn) Pn Yn"(H A

n n—l+'Nn)X(n_l/n_l)

(H B

oBo_1+ Cy)B(n-1/n-1)] .

Using the identity for Ex(n—l,n) and the equality that gives

D, as a function of ﬁn’ it may be shown that

z,(n-1,n) = z _(n-1,n) - (HA +N)'Blrmbmm .

Proceeding in the same manner and using the equation

- ’ -1~
z(n-2,n) = d(n—2,n)z(n—l,n)4—(Ln_lAn+-Jn_l) Dn_ly(n—l/na)

it was found that
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+ N )'5

- -1
zx(n—z,n) = zX(n—Z,n) - (Hn_J_An-z n-1" "n-1

. b(n-1/n) -d(n-2, n)(H A

. b(n/n)
and proceeding on it was found also that

zx(n—3,n) = zx(n—3,n)-d(n—3,n—l)d(n—2,n)(HnA

n~l*'Nn)

~o] A ~ ) '
. Dn T(n)b(n/h)-d(n—3,n—l)(Hn_lAn_24-Nn_l)

"-l " Y]
. Dn_lT(n—l)b(n—l/h)-(Hn_2An_3+-Nn~2)

- D~ 2T(n—2)b(n—2/n)

The above equations imply that

z_(kt1,n) = Ex(k+l,n)- Z d(k+l, n)(H A,

x +N,) /BT T ()b e/m)
i=k+2

-1

Using this fact and that

z(k,n) = d(k,k+2)z(k+1, n)-+(Lk+lF 4~Jk+l) k+ly(k+LKk)

it was found that

z (k) = 2 _(kn) - : d(k,n) (B, A, l+Ni)’f>'i'lT(i)f)(i/n)
i=k+1

thus completina the induction nroof  TTeing th

~t
2

of Chapter IV for reducing the fixed interval smoothing
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equations to a more desirable state, the above equation is

reduced to

- ,x =1 ~

zx(k,n) = zx(k,n)—-(Hk+lAk+-Nk) Dk+lT(k+l)b(k+l/n)
~ n ~_1 ~
- d(k,k+2) & d(k+1, 1)(H A, l+Ni)'D'i’ T(i)b(i/n)
i=k+2
= Ex(k,n) - e(k+1l,n)

where
elrlm) = I Ak, 1) (B8, + W) B0 (1) b(i/n)

i=k+1

I

(e 2y + Ny 1) "Dy T (1) Bkt 1/m)

+ d(x,k+2)e(k+2,n) )
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